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1. Introduction 



A classical result in differential geometry due to Toponogov [13] states 
that every simple closed geodesic 7 on a two-dimensional surface (T,,g) sat- 
isfies 

length^) 2 MK < 4vr 2 , 

where K denotes the Gaussian curvature of E. Moreover, equality holds if 
and only if (£,<?) is isometric to the standard sphere S 2 up to scaling (see 
also [7] for a different proof). 

We next consider a three-manifold (M, g) with positive scalar curvature. 
By a theorem of Schoen and Yau [H], any area-minimizing surface in M is 
homeomorphic to either S 2 or MP 2 . The case of area-minimizing projective 
planes was studied in [3]. In particular, if £ is an embedded MP 2 of minimal 
area, then the area of £ can be estimated from above by 

areafS, q) inf R < 12ir 

(cf. [3], Theorem 1). Moreover, equality holds if and only if (M,g) is 
isometric to MP 3 up to scaling. 

In this paper, we consider the case of area-minimizing two-spheres. We 
shall assume throughout that (M, g) is a compact three- manifold with TT2 (M) 7^ 
0. We denote by & the set of all smooth maps / : S 2 — > M which represent 
a non-trivial element of wz^M). We define 

(1) srf (M, g) = inf{area(5 2 , f*g) :f€&}. 
We now state the main result of this paper: 
Theorem 1. We have 

(2) £/(M,g) inf R<8tt, 

where R denotes the scalar curvature of (M,g). Moreover, if equality holds, 
then the universal cover of (M, g) is isometric to the standard cylinder 5 2 xl 
up to scaling. 

The inequality ([2]) follows directly from the formula for the second vari- 
ation of area. We now describe the proof of the rigidity statement. By 
scaling, we may assume that sf(M,g) = Air and inf m R = 2. It follows 
from results of Meeks and Yau [TT] that the infimum in ([T]) is attained by a 
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smooth immersion / £ & (see also [8j ) . Using the implicit function theorem, 
we construct a one-parameter family of immersed two-spheres with constant 
mean curvature. Using the formula for the second variation of area, we are 
able to show that these surfaces all have area g/(M,g) = 4tt. Consequently, 
these spheres are all round and totally geodesic. This allows us to construct 
a local isometry from the cylinder S 2 x R into M. The use of constant mean 
curvature surfaces is motivated in part by work of Bray pQ and Huisken and 
Yau [10] (see also [2] and [9]). 

We note that Cai and Galloway [4] have obtained a similar rigidity the- 
orem for minimal tori in three-manifolds of nonnegative scalar curvature. 
The proof in [3] uses a different argument based on a deformation of the 
metric to strictly positive scalar curvature. The arguments in this paper 
can be adapted to give an alternative proof of Theorem 1 in [1] . See also [6] 
for related work in this direction. 

The authors would like to thank Fernando Marques for discussions, and 
Willie Wong for comments on an earlier version of this paper. 

2. Proof of © 

Let us consider a smooth immersion / : S 2 — > M. Since / has trivial 
normal bundle, there exists a globally defined unit normal field v. In other 
words, for each point x £ S 2 , v(x) £ Tfr x \M is a unit vector which is 
orthogonal to the image of df x : T X S 2 — > Tfr x \M. The following result is a 
consequence of the Gauss-Bonnet theorem: 

Proposition 2. For any immersion f : S 2 — > M, we have 



where H and K denote the mean curvature and the Gaussian curvature, 
respectively. This implies 



by the Gauss-Bonnet theorem. 

We next consider a map / £ & which attains the infimum in JTJ). The 
existence of a minimizer is guaranteed by the following result: 

Proposition 3. There exists a smooth map f £ & such that area(S" 2 , f*g) = 
g/ (M, g) . Moreover, the map f is an immersion. 




where II denotes the second fundamental form of f . 



Proof. By the Gauss equations, we have 



R - 2 Ric(z/, v) - \II\ 2 = 2K — H 2 
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Proposition [3] is an immediate consequence of Theorem 7 in [IT] (see 
also |U, Theorem 4.2). In fact, Meeks and Yau show that either / is an 
embedding or a two-to-one covering map whose image is an embedded MP 2 . 
We will not use this stronger statement here. 

Let / £ & be a smooth immersion with aiea(S 2 ,f*g) = srf{M,g). Using 
the formula for the second variation of area, we obtain 



/ (Ric(v,v) + \n\ 2 )u 2 diif.g< \Vu\% dn f . 6 
Js 2 Js 2 

for every smooth function u : S 2 — > R. Choosing u = 1 gives 

/ (Ric(i/,i/) + \H\ 2 )diAfg < 0. 
Js 2 



is 2 

Using Proposition we obtain 



area(S 2 J*g) MR < [ (R + \II\ 2 ) dfif* 

M J S 2 



8vr + 2 / (Ric(>, v) + \n\ 2 ) dfj, f * 
Js 2 



(3) < 

< 8vr. 

This completes the proof of ([2]) . 

3. The case of equality 
In this section, we analyze the case of equality. Suppose that 

gf{M,g) vo£R = 8vr. 

After rescaling the metric if necessary, we may assume that &/ (M, g) = 4ir 
and inf^/ R = 2. By Proposition [3j we can find a smooth immersion / 6 & 
such that area(S' 2 , f*g) = 47r. 

Proposition 4. Let f 6 & be a smooth immersion such that aie&(S 2 , f*g) = 
An. Then the surface £ = f(S 2 ) is totally geodesic. Moreover, we have 
R = 2 and Ric(V, v) = at each point on S. 

Proof. By assumption, we have &rea(S 2 , f* g) = An and infj\,f R = 2. 
Consequently, the inequalities in are all equalities. In particular, we 
have 

(4) f {R+\II\ 2 )dfif* g = 8n 

Js 2 

and 

(5) / (mc(v,v) + \II\ 2 )dfi f * g = 0. 
Js 2 

It follows from ([5]) that the constant functions lie in the nullspace of the 
Jacobi operator L = Aj* 9 + Ric(V, v) + \II\ 2 . This implies 

Ric(i/,i/) + \II\ 2 = 
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at each point on E. Moreover, since aiea(S 2 ,f*g) = 4tt and infjv/ R = 2, 
the identity ([4]) implies that R = 2 and \II\ 2 = at each point on E. This 
completes the proof. 

Proposition 5. Let f G & be a smooth immersion such that are&(S 2 , f*g) = 
4ir. Then there exists a positive real number Si and a smooth map w : 
S 2 x (—Si, Si) — > R with the following properties: 

• For each point x G S 2 , we have w(x,0) = and JjU>(x, t)\ t=Q = 1. 

• For each t € (—Si, Si), we have f s2 (w(-, t) — t) dfj,f* g = 0. 

• For each t G (— Si, Si), the surface 

Yi t = {expfr x \(w(x, t) v(x)) : x G S 12 } 

/ias constant mean curvature. 

Proof. The Jacobi operator associated with the minimal immersion 
/ : S 2 — > M is given by L = Af* g + Ric(is, v) + \II\ 2 . Using Proposi- 
tion U we conclude that L = Aj* s . Hence, the assertion follows from the 
implicit function theorem. 

For each t G (—Si, Si), we define a map ft : /S 2 — ► M by /t(x) = 
expj ( - x )(?i;(x,t) Clearly, /o(cc) = /(a;) for all x G 5 12 . To fix nota- 

tion, we denote by ut(x) G Tf t r x \M the unit normal vector to the surface 
Et = ft(S 2 ) at the point ft(x). We assume that v t depends smoothly on 
x and t, and vq(x) = u(x) for all x G 5 2 . Moreover, we denote by Z/j the 
second fundamental form of ft- 

Lemma 6. There exists a positive real number S2 < Si with the following 
property: if t G (—82,52) and u : S 2 — > R zs a smooth function satisfying 
f S 2 ud(j,f* g = 0, then 

j f ^ |Vii| 2 * 9 - j jRic(v t , v t ) + |#t| 2 ) ^ 2 d^/fs > °- 
Proof. We can find a uniform constant c > such that 

/ |V«|/* ff d///* 9 > c / u 2 d/i /t » 9 
JS 2 

for each t G (— #i,#i) and every smooth function u : S 2 — > R satisfying 
/ S 2 u d^f*g = 0. Moreover, it follows from Proposition H] that 

sup(Ric(>t, i/ t ) + \II t \ 2 ) -> 
s 2 

as t — )• 0. Putting these facts together, the assertion follows. 

Lemma 7. For each t G ( — <5i, <5i), we have 

[ (mc(is t ,v t ) + \II t \ 2 )dLif* g >0. 
is 2 
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Proof. Since / minimizes area in its homotopy class, we have 

avea(S 2 ,ftg) > &rea(S 2 ,f*g) = 4vr. 

Moreover, we have inf^ R = 2. Applying Proposition [2] to the map ft : 
S 2 -4 M, we obtain 

8vr < area(5 2 ,/; 5 ) MR 
' "a 



< [ {R+\II t \ 2 )dp f *, 
Js 2 

< 8tt + 2 / (Ric(v t , v t ) + |// t | 2 ) dfif;g. 

Js 2 



(6) p t (x) = (u t (x),^f t (x)y 



From this, the assertion follows. 

By assumption, the surface Sf has constant mean curvature. The mean 
curvature vector of E| can be written in the form —H(t) vt, where H(t) is a 
smooth function of i. For each t € (— Si, Si), the lapse function : S 2 — > R 
is defined by 

3_ 

Clearly, po(x) = 1 for all x € S 2 . By continuity, we can find a positive real 
number £3 < 62 such that pt(x) > for all x € S 2 and all i G (—^3, ^3). The 
lapse function p< : S* 2 — > R satisfies the Jacobi equation 

(7) Ay^pt + (Ric(i/ t , v t ) + \II t \ 2 ) Pt = -H'{t) 

(cf. equation (1.2)). 

Proposition 8. We /icwe area(5 2 , f£g) = Air for all t £ (—£3, £3). 

Proof. Let p t denote the mean value of the lapse function pt : S 2 — > R 
with respect to the induced metric f*g; that is, 

1 

axe&(S 2 ,f?g) J S 2 ' 
It follows from Lemma [6] that 

^ 2 I^IL ^ft9 ~ jjF*<Vt, + l^l 2 ) (Pt ~ Ptf dp f *g > 

for all i £ (—^2,^2). Moreover, Lemma [7] implies that 



f {Ric{v t ,v t ) + \II t \ 2 )dn>0 
Js 2 



is 2 

for all t € (— <5i,<5i). Adding both inequalities yields 

(8) / \VPt\}* g dp f *g + f (Ric(v t , v t ) + \Ht\ 2 ) Pt (2p t - Pt ) dp ft * g > 

for all t G (—<J 2 , 5 2 ). 
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In the next step, we multiply the equation ([7]) by 2 ~p t — p t and integrate. 
This gives 



(9) 



/ I V ^ Ihg d ^ft9 + / ( Ric 0i> v t) + Wt\ 2 ) Pt (2 p t ~ Pt) dp f *g 
Js 2 Js 2 

= ~H'(t) [ (2p t - Pt ) dp ng = -H'(t) [ pt dn f * g . 
Js 2 Js 2 

Putting these facts together, we obtain 

(10) H'{t) [ ptdn f * g <0 

Js 2 

for each t G (—62,52)- Therefore, we have H'(t) < for all t G (—53,83). 
Since H(0) = 0, it follows that H(t) > for all t G (-63, 0] and H(t) < 
for all t G [O,^). Using the identity 



d 

—area 
dt 



(S 2 ,f t *g)= [ (H(t)v u ^f t )d H *g = H(t) I Ptdp ng , 



we obtain 

area(S 2 ,f*g) < avea(S 2 ,f*g) = Air 

for all t G (—83,63). Since / minimizes area in its homotopy class, we con- 
clude that area(5' 2 , f£g) = An for all t G (—63, 83). 



Proposition 9. For each t G (—83,83), the surface Et is totally geodesic, 
and we have R = 2 and Ric(^, v-t) = at each point on Ef. Moreover, the 
lapse function pt : S 2 — > R is constant. Moreover 

Proof. By Proposition [HJ we have area(S' 2 , f*g) = Air. Hence, it follows 
from Proposition [5] that Et is totally geodesic, and R = 2 and Ric(Vf , vt) = 
at each point on Ef . Substituting this into ([7]), we obtain Af* g pt = 0. There- 
fore, the function p t : S 2 — > R is constant, as claimed. 



Corollary 10. The normal vector field vt is a parallel vector field near E. 
In particular, each point on E has a neighborhood which is isometric to a 
Riemannian product. 

Proof. By Proposition [9J the lapse function pt : S 2 -> R is constant. 
This implies 
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for each point x € S 2 . Moreover, we have 

Daf t "t, tt— ) - (Daft "t, 77— 



o / \ " "It tin 

dxi j ^ x j (JXj 



9 / df t \ 9 I df t 
dxi \ ' dxj I dxj \ ' dxi 

for all x € S 2 . Putting these facts together, we obtain 



D dft v t ,v)-(D v v t ,^) - 

7S7 / \ OXi 



for each point x E S and all vectors V € Tf^M. In particular, we have 

Daft_v u v^j - (p n v u |^ = 

for each point x 6 S 2 . Since the vector field v% has unit length, we conclude 
that D Ut ut = 0. On the other hand, it follows from Proposition [9] that the 
surfaces are totally geodesic. This implies Daf t v% = for each point 

x£S 2 . Thus, we conclude that the normal vector field ft is parallel. This 
completes the proof of Corollary [TUJ 

We now consider the product S 2 x R, where S 2 is equipped with the 
induced metric f*g. We define a map <I> : S 2 x R — > M by $(ic,t) = 
expj( x )(i ^(x)). It follows from Corollary [TUl that the restriction $|s2 x (_5 )( 5) 
is a local isometry if 5 > is sufficiently small. 

Proposition 11. The map : S 2 x R — > M is a Zocal isometry. 

Proof. We first show that ^|s 2 x[o,oo) * s a local isometry. Suppose this 
is false. Let r be the largest positive real number with the property that 
1>Is 2 x[o,t] is a local isometry. We now define a map / : S 2 — > M by f(x) = 
<3?(x, t). Clearly, / is homotopic to /; consequently, / represents a non-trivial 
element of ^(M). Moreover, we have &rea(S 2 ,f*g) = area(S' 2 , f*g) = 4-7T. 
Therefore, / has minimal area among all maps in jF. By Corollary I1CH each 
point on the surface £ = f(S 2 ) has a neighborhood which is isometric to 
a Riemannian product. Hence, if 5 > is sufficiently small, then the map 
&\s 2 x[o,t+8) 1S a local isometry. This contradicts the maximality of r. 

Therefore, the restriction $|52 x [o )00 ) is a local isometry. An analogous 
argument shows that &\s 2 x(—oo,o] ^ s a l° ca l isometry. This completes the 
proof of Proposition [TTJ 

Since $ : S 2 x R — > M is a local isometry, it follows that <I> is a covering 
map (cf. [5], Section 1.11). Consequently, the universal cover of (M,g) is 
isometric to S" 2 x R, equipped with the standard metric. This completes the 
proof of Theorem [U 
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